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Abstract

In this paper, we introduce new subclass B̃qσB
(λ, t) of bi-univalent func-

tions by applying the Chebyshev polynomials. In the following, we obtain
bounds for the initial coefficients and the Fekete-Szegö inequalities for func-
tions in this subclass. The results presented in this paper generalize the
recent work of Altinkaya and Yalçın.
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1 Introduction

Denote A be the class of analytic functions in the open unit disk U = {z ∈ C :
|z| < 1}, satisfying the conditions

f(0) = 0 and f ′(0) = 1.

Then each function f ∈ A has the Taylor expansion

f(z) = z +

∞∑
n=2

anz
n. (1)
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Further, we let S to denote the class of functions f ∈ A which are univalent in U
(see details [3, 4, 8, 12]). Also, function f is said to be bi-univalent, If both f and
f−1 belong to S. We denote σB for the class of bi-univalent functions in U. Also
every function f ∈ S has an inverse f−1, which is defined by

f−1(f(z)) = z (z ∈ U)

and

f(f−1(w)) = w

(
|w| < r0(f), r0(f) ≥ 1

4

)
.

Also, the inverse function f−1 is given by

f−1(w) = w − a2w
2 + (2a2

2 − a3)w3 − (5a3
2 − 5a2a3 + a4)w4 + · · ·. (2)

We say that f is subordinate to F in U, written as f ≺ F (z ∈ U), if and only if
f(z) = F (w(z)) for some Schwarz function w(z) such that:

w(0) = 0 and |w(z)| < 1 (z ∈ U).

If F is univalent in U, then the subordination f ≺ F is equivalent to f(0) = F (0)
and f(U) ⊂ F (U).

The important roll of Chebyshev polynomial in numerical analysis is increased
in both theoretical and practical points of view. There are four kinds of Chebyshev
polynomials. Many researchers dealing with orthogonal polynomials of Cheby-
shev.

Doha [7] expressed a brief history of Chebyshev polynomials of the first kind
Tn(t), the second kind Un(t) and their applications (for details see [9, 11]).

The Chebyshev polynomials of the first and second kinds are well known. In
the case of a real variable x on (−1, 1), they are defined by

Tn(x) = cosnθ and Un(x) =
sin(n+ 1)θ

sinθ
,

where n denotes the polynomial degree and x = cosθ.

Lemma 1. [8] If p(z) ∈ P , then |ck| ≤ 2 for each k, where P is the family of all
functions p(z) analytic in U for which

< p(z) > 0, p(z) = 1 + c1z + c2z
2 + c3z

3 + · · · for z ∈ U.

Definition 1. [10] For a function f ∈ A given by (1) and 0 < q < 1, the q-
derivative of function f is defined by

Dqf(z) =


f(qz)−f(z)

(q−1)z ; z 6= 0

f ′(0) ; z = 0.
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According to the definition, we conclude that

Dqf(z) = 1 +
∞∑
n=2

[n]qanz
n−1, (3)

where

[n]q =
1− qn

1− q
. (4)

If q → 1−, then [n]q → n. We note that limq→1−Dqf(z) = f ′(z), for f ∈ A.

Definition 2. [2] For a function f ∈ A given by (1) and 0 < q < 1, the symmetric
q-derivative of function f is defined by

D̃qf(z) =


f(qz)−f(q−1z)

(q−q−1)z
; z 6= 0

f ′(0) ; z = 0.

According to the definition, we conclude that D̃qz
n = [̃n]qz

n−1, and a power series

of D̃qf(z) is

D̃qf(z) = 1 +
∞∑
n=2

[̃n]qanz
n−1, (5)

where

[̃n]q =
qn − q−n

q − q−1
. (6)

If q → 1−, then [̃n]q → n. We note that limq→1−D̃qf(z) = f ′(z), for f ∈ A.

2 Coefficient bounds for the function subclass B̃q
σB
(λ, t)

In this part, we present the subclass B̃q
σB(λ, t) of bi-univalent functions by using

the Chebyshev polynomial expansions. In the following, we obtain the coefficients
estimates for functions in this subclass. Also the Fekete-Szegö problem in this
subclass is found.

Definition 3. Let λ, q and t be real numbers such that 0 ≤ λ ≤ 1, 0 < q < 1
and t ∈ (1

2 , 1]. The bi-univalent function f is said to be in the class B̃
q
σB(λ, t), if

the following conditions are satisfied:(
λDqf(z) + (1− λ)D̃qf(z)

)
≺ H(z, t) :=

1

1− 2tz + z2
(z ∈ U)

and (
λDqg(w) + (1− λ)D̃qg(w)

)
≺ H(w, t) :=

1

1− 2tw + w2
(w ∈ U),

where the function g = f−1 is defined by (2).
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If we put t = cosθ, where θ ∈ (−π
3 ,

π
3 ), then

H(z, t) =
1

1− 2cosθz + z2
= 1 +

∞∑
n=1

sin(n+ 1)θ

sinθ
zn (z ∈ U).

Thus

H(z, t) = 1 + 2cosθz + (3cos2θ − sin2θ)z2 + · · · (z ∈ U).

So we can write

H(z, t) = 1 + U1(t)z + U2(t)z2 + · · · (z ∈ U, t ∈ (−1, 1))

where Un−1(t) = sin(n arccos t)√
1−t2 (n ∈ N) are the Chebyshev polynomials of the

second kind and we get

Un(t) = 2tUn−1(t)− Un−2(t)

and

U1(t) = 2t, U2(t) = 4t2 − 1, U3(t) = 8t3 − 4t, U4(t) = 16t4 − 12t2 + 1, · · · . (7)

The Chebyshev polynomials of the first kind can be obtained from the generating
functions

∞∑
n=0

Tn(t)zn =
1− tz

1− 2tz + z2
(z ∈ U).

However, the Chebyshev polynomials of the first kind Tn(t) and the second kind
Un(t) are linked by the following connections

dTn(t)

dt
= nUn−1(t) and Tn(t) = Un(t)− tUn−1(t).

Remark 1. By putting λ = 0, then the class B̃
q
σB(λ, t) reduces to the class H̃

q
Σ(t)

that was introduced and studied by Altinkaya et al. [1].

By taking q → 1− and λ = 0, then the class B̃
q
σB(λ, t) reduces to the class

HΣ(t) that was introduced and studied by Altinkaya et al. [1].

By taking q → 1− and λ = 1, then the class B̃
q
σB(λ, t) reduces to the class

HΣ(t) that was introduced and studied by Altinkaya et al. [1].

Theorem 1. Let function f given by (1) be in the class B̃
q
σB(λ, t). Then

|a2| ≤ min

{
2t

λ[2]q + (1− λ)[̃2]q

,
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2t
√

2t√∣∣∣4(λ[3]q+(1−λ)[̃3]q−(λ[2]q+(1−λ)[̃2]q)2
)
t2+(2t+1)(λ[2]q+(1−λ)[̃2]q)2

∣∣∣
}
,

|a3| ≤
4t2

(λ[2]q + (1− λ)[̃2]q)
2

+
2t

λ[3]q + (1− λ)[̃3]q

and

|a4| ≤


8t−8t3

λ[4]q+(1−λ)[̃4]q
+ 10t2

(λ[2]q+(1−λ)[̃2]q)(λ[3]q+(1−λ)[̃3]q)
; 1

2 ≤ t ≤
1+
√

5
4

−4+16t2−8t3

λ[4]q+(1−λ)[̃4]q
+ 10t2

(λ[2]q+(1−λ)[̃2]q)(λ[3]q+(1−λ)[̃3]q)
; 1+

√
5

4 ≤ t < 1.

Proof. Suppose that the function f ∈ σB given by (1) be in the class B̃
q
σB(λ, t).

Then there exist two functions u and v, analytic in U, with u(0) = v(0) = 0,
|u(z)| < 1 and |v(w)| < 1, such that:

λDqf(z) + (1− λ)D̃qf(z) = H (u(z), t)

= 1 + U1(t)u(z) + U2(t)u(z)2 + · · · (8)

and

λDqg(w) + (1− λ)D̃qg(w) = H (v(w), t)

= 1 + U1(t)v(w) + U2(t)v(w)2 + · · · . (9)

Next, define the functions h and k by

h(z) =
1 + u(z)

1− u(z)
= 1 + h1z + h2z

2 + h3z
3 + · · · (10)

and

k(w) =
1 + v(w)

1− v(w)
= 1 + k1w + k2w

2 + k3w
3 + · · ·. (11)

Since u and v are Schwarz functions, h and k are analytic functions in U, with
h(0) = k(0) = 1 and which have positive real part in U. From the equations (10)
and (11), we get

u(z) =
h(z)− 1

h(z) + 1
=
h1

2
z +

1

2
(h2 −

h2
1

2
)z2 + (h3 − h1h2 +

h3
1

4
)z3 + · · · (12)

and

v(w) =
k(w)− 1

k(w) + 1
=
k1

2
w +

1

2
(k2 −

k2
1

2
)w2 + (k3 − k1k2 +

k3
1

4
)w3 + · · · . (13)
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From (8), (9), (12) and (13), we have

λDqf(z) + (1− λ)D̃qf(z) = 1 +
U1(t)

2
h1z +

(
U1(t)

2
(h2 −

h2
1

2
) +

U2(t)

4
h2

1

)
z2

+
(U1(t)

2
(h3 − h1h2 +

h3
1

4
) +

U2(t)

2
h1(h2 −

h2
1

2
)

+
U3(t)

8
h3

1

)
z3 + · · · (14)

and

λDqg(w) + (1− λ)D̃qg(w) = 1 +
U1(t)

2
k1w +

(
U1(t)

2
(k2 −

k2
1

2
) +

U2(t)

4
k2

1

)
w2

+
(U1(t)

2
(k3 − k1k2 +

k3
1

4
) +

U2(t)

2
k1(k2 −

k2
1

2
)

+
U3(t)

8
k3

1

)
w3 + · · · . (15)

From (14) and (15), we get

(λ[2]q + (1− λ)[̃2]q)a2 =
U1(t)

2
h1, (16)

(λ[3]q + (1− λ)[̃3]q)a3 =
U1(t)

2
(h2 −

h2
1

2
) +

U2(t)

4
h2

1, (17)

(λ[4]q + (1− λ)[̃4]q)a4 =
U1(t)

2
(h3 − h1h2 +

h3
1

4
)

+
U2(t)

2
h1(h2 −

h2
1

2
) +

U3(t)

8
h3

1, (18)

−(λ[2]q + (1− λ)[̃2]q)a2 =
U1(t)

2
k1, (19)

(λ[3]q + (1− λ)[̃3]q)(2a
2
2 − a3) =

U1(t)

2
(k2 −

k2
1

2
) +

U2(t)

4
k2

1 (20)

and

−(λ[4]q + (1− λ)[̃4]q)(5a
3
2 − 5a2a3 + a4) =

U1(t)

2
(k3 − k1k2 +

k3
1

4
)

+
U2(t)

2
k1(k2 −

k2
1

2
) +

U3(t)

8
k3

1. (21)

From (16) and (19), we have

h1 = −k1 (22)

and

a2 =
U1(t)h1

2(λ[2]q + (1− λ)[̃2]q)
(23)
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Now, from (17) and (20), we obtain

2(λ[3]q + (1− λ)[̃3]q)a
2
2 =

U1(t)

2
(h2 + k2) +

U2(t)− U1(t)

4
(h2

1 + k2
1). (24)

By using (23) in (24), we obtain

2
[
(λ[3]q + (1− λ)[̃3]q)U

2
1 (t) + (U1(t)− U2(t))(λ[2]q + (1− λ)[̃2]q)

2
]
a2

2 =

U3
1 (t)

2
(h2 + k2). (25)

So, applying Lemma 1 and substituting the values of U1(t), U2(t)
from (7) into (23) and (25), we immediately have

|a2| ≤
2t

λ[2]q + (1− λ)[̃2]q

and

|a2|2 ≤
8t3∣∣∣4(λ[3]q + (1− λ)[̃3]q − (λ[2]q + (1− λ)[̃2]q)

2
)
t2 + (2t+ 1)(λ[2]q + (1− λ)[̃2]q)

2
∣∣∣ .

Next, in order to obtain the bound on |a3|, by subtracting (20) from (17), we have

a3 = a2
2 +

U1(t)

4(λ[3]q + (1− λ)[̃3]q)
(h2 − k2). (26)

By using (23) in (26), we have

a3 =
h2

1U
2
1 (t)

4(λ[2]q + (1− λ)[̃2]q)
2

+
(h2 − k2)U1(t)

4(λ[3]q + (1− λ)[̃3]q)
. (27)

So, by using Lemma 1 again, we obtain

|a3| ≤
4t2

(λ[2]q + (1− λ)[̃2]q)
2

+
2t

λ[3]q + (1− λ)[̃3]q

.

Finally, to determine the bounds on a4, Subtracte (21) from (18) with h1 = −k1,
we obtain

a4 =

=
2U1(t)(h3 − k3) + 2(U2(t)− U1(t))(h2 + k2)h1 + h3

1(U1(t)− 2U2(t) + U3(t))

8(λ[4]q + (1− λ)[̃4]q)

+
5h1(h2 − k2)U2

1 (t)

16(λ[2]q + (1− λ)[̃2]q)(λ[3]q + (1− λ)[̃3]q)
. (28)
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By substituting the values of U1(t), U2(t) from (7) into (28), we have

a4 =
2t(h3 − k3) + (4t2 − 2t− 1)h1(h2 + k2) + h3

1(4t3 − 4t2 − t+ 1)

4(λ[4]q + (1− λ)[̃4]q)

+
5h1(h2 − k2)t2

4(λ[2]q + (1− λ)[̃2]q)(λ[3]q + (1− λ)[̃3]q)
. (29)

So, by using Lemma 1, we get

|a4| ≤
2t+ 2|4t2 − 2t− 1|+ 2|4t3 − 4t2 − t+ 1|

λ[4]q + (1− λ)[̃4]q

+
10t2

(λ[2]q + (1− λ)[̃2]q)(λ[3]q + (1− λ)[̃3]q)
.

Now, we consider functional |a3 − ρa2
2| for real ρ.

Theorem 2. Let f given by (1) be in the class B̃
q
σB(λ, t) and ρ ∈ R. Then

|a3 − ρa2
2| ≤


2t

λ[3]q+(1−λ)[̃3]q
; |h(ρ)| ≤ 1

4(λ[3]q+(1−λ)[̃3]q)t2

8t|h(ρ)| ; |h(ρ)| ≥ 1

4(λ[3]q+(1−λ)[̃3]q)t2
,

where
h(ρ) =

=
t2(1− ρ)

4t2
[
λ[3]q + (1− λ)[̃3]q − (λ[2]q + (1− λ)[̃2]q)

2
]

+ (2t+ 1)(λ[2]q + (1− λ)[̃2]q)
2
.

Proof. From (23) and (24) for some ρ ∈ R, we get

a3 − ρa2
2 =

U3
1 (t)(h2 + k2)(1− ρ)

4
[
(λ[3]q + (1− λ)[̃3]q)U

2
1 (t) + (U1(t)− U2(t))(λ[2]q + (1− λ)[̃2]q)

2
]

+
U1(t)(h2 − k2)

4(λ[3]q + (1− λ)[̃3]q)
.

Hence

a3 − ρa2
2 = U1(t)

[(
h(ρ) +

1

4(λ[3]q + (1− λ)[̃3]q)

)
h2

+

(
h(ρ)− 1

4(λ[3]q + (1− λ)[̃3]q)

)
k2

]
.
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where

h(ρ) =
U2

1 (t)(1− ρ)

4
[
(λ[3]q + (1− λ)[̃3]q)U

2
1 (t) + (U1(t)− U2(t))(λ[2]q + (1− λ)[̃2]q)

2
]

=
t2(1− ρ)

4t2
[
λ[3]q + (1− λ)[̃3]q − (λ[2]q + (1− λ)[̃2]q)

2
]

+ (2t+ 1)(λ[2]q + (1− λ)[̃2]q)
2
.

So, by using Lemma 1, we obtain

|a3 − ρa2
2| ≤ 2|U1(t)|

{∣∣∣∣∣h(ρ) +
1

4(λ[3]q + (1− λ)[̃3]q)

∣∣∣∣∣
+

∣∣∣∣∣h(ρ)− 1

4(λ[3]q + (1− λ)[̃3]q)

∣∣∣∣∣
}
.

Therefore, we derive that

|a3 − ρa2
2| ≤


2t

λ[3]q+(1−λ)[̃3]q
; |h(ρ)| ≤ 1

4(λ[3]q+(1−λ)[̃3]q)

8t|h(ρ)| ; |h(ρ)| ≥ 1

4(λ[3]q+(1−λ)[̃3]q)
.

3 Corollaries and Consequences

By putting λ = 0 in Theorem 1, we conclude the following corollary.

Corollary 1. Let the function f given by (1) be in the class H̃
q
Σ(t). Then

|a2| ≤ min


2t
√

2t√∣∣∣∣4([̃3]q − [̃2]
2

q

)
t2 + (2t+ 1)[̃2]

2

q

∣∣∣∣
,

2t

[̃2]q

|

 ,

|a3| ≤
4t2

[̃2]
2

q

+
2t

[̃3]q

and

|a4| ≤


8t−8t3

[̃4]q
+ 10t2

[̃2]q [̃3]q
; 1

2 ≤ t ≤
1+
√

5
4

−4+16t2−8t3

[̃4]q
+ 10t2

[̃2]q [̃3]q
; 1+

√
5

4 ≤ t < 1.

By putting λ = 0 in Theorem 2, we conclude the following corollary.
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Corollary 2. Let the function f given by (1) be in the class H̃
q
Σ(t) and ρ ∈ R.

Then

|a3 − ρa2
2| ≤


2t

[̃3]q
; |1− ρ| ≤

∣∣∣4([̃3]q−[̃2]
2

q

)
t2+(2t+1)[̃2]

2

q

∣∣∣
4[̃3]qt

2

8|1−ρ|t3∣∣∣4([̃3]q−[̃2]
2

q

)
t2+(2t+1)[̃2]

2

q

∣∣∣ ; |1− ρ| ≥
∣∣∣4([̃3]q−[̃2]

2

q

)
t2+(2t+1)[̃2]

2

q

∣∣∣
4[̃3]qt

2
.

By taking q → 1− in Corollary 1, we conclude the following corollary.

Corollary 3. Let the function f given by (1) be in the class HΣ(t). Then

|a2| ≤ min

{
t
√

2t√
1 + 2t− t2

, t

}
, |a3| ≤ t2 +

2t

3

and

|a4| ≤


2t− 2t3 + 5t2

3 ; 1
2 ≤ t ≤

1+
√

5
4

−1 + 4t2 − 2t3 + 5t2

3 ; 1+
√

5
4 ≤ t < 1.

By taking q → 1− in Corollary 3, we conclude the following corollary.

Corollary 4. Let the function f given by (1) be in the class HΣ(t) and ρ ∈ R.
Then

|a3 − ρa2
2| ≤


2t
3 ; |1− ρ| ≤ 1+2t−t2

3t2

2|1−ρ|t3
1+2t−t2 ; |1− ρ| ≥ 1+2t−t2

3t2
.
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Stud. Univ. Babeş-Bolyai Math. 31 (1986), no. 2, 70-77.

[4] Breaz, D., Breaz, N., and Sirvastava, H. M.,An extention of the univalent
conditions for a family of integral operators, Appl. Math. Lett. 22 (2009)
41-44.



Certain subclass of bi-univalent functions 621

[5] Bulut, S., Magesh, N., and Balaji, V.K., Initial bounds for analytic and
bi-univalent functions by means of Chebyshev polynomials, J. Class. Anal.
11(1) (2017), 83–89.

[6] Dienes, P., The Taylor series, An introduction to the theory of functions of
a complex vartiable, Dover, New York, 1957.

[7] Doha, E. H., The first and second kind Chebyshev coefficients of the moments
of the generalorder derivative of an infinitely differentiable function, Int. J.
Comput. Math. 51 (1994), 21-35.

[8] Duren, P. L., Univalent functions, Grundlehren der Mathematischen Wis-
senschaften, Band 259, Springer-Verlag, New York, Berlin, Heidelberg and
Tokyo, 1983.

[9] Dziok, J., Raina, R. K., and Sokol, J., Application of Chebyshev polynomials
to classes of analytic functions, C. R. Math. Acad. Sci. Paris 353 (2015),
433-438.

[10] Jackson, F. H., On q-functions and a certain difference operator, Trans. Royal
Soc. Edinburgh, 46 (1908), 253-281.

[11] Mason, J. C., Chebyshev polynomial approximations for the L-membrane
eigenvalue problem, SIAM J. Appl. Math. 15 (1967), 172-186.

[12] Srivastava, H. M., Mishra, A. K., and Gochhayat, P., Certain subclasses of
analytic and bi-univalent functions, Appl. Math. Lett., 23 (10) (2010), 1188–
1192.



622 Nanjundan Magesh, Ahmad Motamednezhad and Safa Salehian


